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06 Laguerre Geometry of Hypersurfaces in Rn
Tongzhu Li Changping Wang ∗
Abstract
Laguerre geometry of surfaces in R3 is given in the book of Blaschke [1], and
have been studied by E.Musso and L.Nicolodi [5], [6], [7], B. Palmer [8] and other
authors. In this paper we study Laguerre differential geometry of hypersurfaces
in Rn. For any umbilical free hypersurface x : M → Rn with non-zero principal
curvatures we define a Laguerre invariant metric g on M and a Laguerre invariant
self-adjoint operator S : TM → TM , and show that {g, S} is a complete Laguerre
invariant system for hypersurfaces in Rn with n ≥ 4. We calculate the Euler-
Lagrange equation for the Laguerre volume functional of Laguerre metric by using
Laguerre invariants. Using the Euclidean space Rn, the Lorentzian space Rn
1
and
the degenerate space Rn
0
we define three Laguerre space forms URn, URn
1
and URn
0
and define the Laguerre embedding URn
1
→ URn and URn
0
→ URn, analogue to
the Moebius geometry where we have Moebius space forms Sn, Hn and Rn (spaces
of constant curvature) and conformal embedding Hn → Sn and Rn → Sn (cf. [4],
[10]). Using these Laguerre embedding we can unify the Laguerre geometry of
hypersurfaces in Rn, Rn
1
and Rn
0
. As an example we show that minimal surfaces in
R3
1
or R3
0
are Laguerre minimal in R3.
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§ 1. Introduction
In study of contact structure in the unit tangent bundle USn over unit sphere Sn So-
phus Lie discovered a interesting finite dimensional transformation group LTG, which
preserves oriented (n-1)-spheres in USn. This group LTG is called Lie sphere transfor-
mation group, which is isomorphic to the group O(n + 1, 2)/{±1}, where O(n + 1, 2)
is the Lorentzian group in the Lorentzian space Rn+32 . There are two interesting types
of subgroups of LTG, one is called Moebius group MG, consisting of all elements of
O(n+ 1, 2) which fix a time-like vector in Rn+32 ; another is called Laguerre group LG,
consisting of all elements of O(n+ 1, 2) which fix a light-like vector in Rn+32 .
In Laguerre differential geometry we study invariants of hypersurfaces in Euclidean
space Rn under the Laguerre transformation group.
∗Partially supported by RFDP and No.10125105 of NSFC.
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Laguerre geometry of surfaces in R3 is given in the book of W.Blaschke [1], and have
been studied by E.Musso and L.Nicolodi [5], [6] and other authors.
In this paper we study Laguerre differential geometry of hypersurfaces in Rn. For any
umbilical-free hypersurface x : M → Rn with non-zero principal curvatures we define
a Laguerre invariant metric g on M and a Laguerre invariant self-adjoint operator
S : TM → TM , and show that {g,S} is a complete Laguerre invariant system for
hypersurfaces in Rn with n ≥ 4. We calculate the Euler-Lagrange equation for the
Laguerre volume functional by using Laguerre invariants.
Using Rn, Lorentzian space Rn1 and degenerate space R
n
0 corresponding to the space-
like hyperplane, Lorentzian hyperplane and degenerate hyperplane in Rn+11 we define
three Laguerre space forms URn, URn1 and UR
n
0 as suitable bundle over R
n, Rn1 , R
n
0
and define the Laguerre embedding URn1 → UR
n and URn0 → UR
n, analogue to the
Moebius geometry where we have Moebius space forms Sn, Hn and Rn (spaces of
constant curvature) and conformal embedding Hn → Sn and Rn → Sn (cf. [4], [10]).
Using these Laguerre embedding we can unify the Laguerre geometries of hypersurfaces
in Rn, Rn1 and R
n
0 . As an example we show that minimal surfaces in R
3
1 or R
3
0 are
Laguerre minimal in R3.
We organize the paper as follows. In §2 we study the geometry of oriented spheres in
Rn. In §3 we study Laguerre transformation group on URn. In §4 we define Laguerre
space forms and Laguerre embedding. In §5 and §6 we study Laguerre invariants
for hypersurfaces in Rn and prove the fundamental theorem. In §7 we calculate Euler-
Lagrange equation for volume function of Laguerre metric. In §8 we unify the geometry
of Laguerre hypersurfaces in Rn1 , R
n
0 and R
n.
§ 2. Geometry of oriented spheres in Rn
Let URn be the unit tangent bundle over Rn, which is the hypersurface in R2n:
(2.1) URn = {(x, ξ) | x ∈ Rn, ξ ∈ Sn−1} = Rn × Sn−1 ⊂ R2n.
An oriented sphere in URn centered at p with radius r is the (n − 1)− dimensional
submanifold in URn given by
(2.2) S(p, r) = {(x, ξ) ∈ URn | x− p = rξ}.
Geometrically, S(p, r) with r 6= 0 corresponds to the oriented sphere in Rn centered
at p ∈ Rn with radius |r|. If r > 0, the unit normal ξ of S(p, r) is outward; if r < 0,
the unit normal ξ of S(p, r) is inward. If r = 0, then S(p, r) ⊂ URn consists of all
unit tangent vector at p. We call S(p, 0) the point sphere at p ∈ Rn. An oriented
hyperplane in URn with constant unit normal ξ ∈ Sn−1 and constant λ ∈ R is the
(n− 1)− dimensional submanifold in URn given by
(2.3) P (ξ, λ) = {(x, ξ) ∈ URn | x · ξ = λ}.
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Geometrically, it is the hyperplane {x ∈ Rn | x · ξ = λ} in Rn with the unit normal ξ.
We denote by Σ the set of all oriented spheres and oriented hyperplanes in URn. If
γ1, γ2 ∈ Σ satisfies γ1 = γ2, or they intersect in a single point (x, ξ) ∈ UR
n, we say
that γ1 and γ2 are oriented contact. Geometrically, γ1, γ2 are oriented contact at (x, ξ)
if and only if they are spheres in Rn which touch in x with the same unit normal ξ.
We note that any point (x, ξ) ∈ URn determines uniquely a pencil of oriented spheres
contact at x ∈ Rn with the common unit normal ξ. We note also that there is a unique
point sphere S(x, 0) and a unique hyperplane P (ξ, x · ξ) in this pencil.
Let Rn+32 be the space R
n+3, equipped with the inner product
(2.4) < X,Y >= −X1Y1 +X2Y2 + · · ·+Xn+2Yn+2 −Xn+3Yn+3.
Let Cn+2 be the light-cone in Rn+3 given by
(2.5) Cn+2 = {X ∈ Rn+32 |< X,X >= 0}.
We denote by Qn+1 the quadric in the real projective space RPn+2, defined by
(2.6) Qn+1 = {[X] ∈ RPn+1 |< X,X >= 0}.
Then we can assign an oriented sphere S(p, r) ∈ Σ to a point [γ] ∈ Qn+1 by
(2.7) S(p, r)↔ [γ], γ = (
1
2
(1 + |p|2 − r2),
1
2
(1− |p|2 + r2), p,−r)
and assign an oriented hyperplane P (ξ, λ) ∈ Σ to a point in [γ] ∈ Qn+1 by
(2.8) P (ξ, λ)↔ [γ], γ = (λ,−λ, ξ, 1).
We call [γ] ∈ Qn+1 the coordinate of the oriented sphere S(p, r) or P (ξ, λ).
For any γ ∈ Σ we will denote by [γ] ∈ Qn+1 its coordinate given in (2.7) and (2.8).
It is easy to verify that the corresponding γ ∈ Σ→ [γ] ∈ Qn+1 defines a bijection from
Σ to Qn+1\{[℘]}, where
(2.9) ℘ = (1,−1,0, 0), 0 ∈ Rn.
Geometrically, the point
[℘] = lim
|p|→∞
1
|p|2
[(
1
2
(1 + |p|2),
1
2
(1− |p|2), p, 0)]
in Qn+1 is the coordinate of the point sphere at ∞ of Rn. Using (2.7) and (2.8) we can
easily verify that γ1, γ2 ∈ Σ are oriented contact if and only if their sphere coordinates
[γ1] and [γ2]satisfy
(2.10) < γ1, γ2 >= 0.
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From (2.7), (2.8) and (2.9) we know that [γ] ∈ Qn+1\{[℘]} is an oriented sphere S(p, r)
in URn if and only if < γ,℘ > 6= 0 and that [γ] ∈ Qn+1\{[℘]} is a hyperplane P (ξ, λ)
in URn if and only if < γ,℘ >= 0.
A point (x, ξ) ∈ URn determines a unique pencil of oriented spheres contact at
x ∈ Rn with the common unit normal ξ, and the point sphere γ1 = S(x, 0) and the
oriented hyperplane γ2 = P (ξ, x · ξ) in the pencil have coordinate [γ1] and [γ2], where
(2.11) γ1 = (
1
2
(1 + |x|2),
1
2
(1− |x|2), x, 0), γ2 = (x · ξ,−x · ξ, ξ, 1).
Then any oriented sphere [γ] in the pencil can be written as
(2.12) [γ] = [λγ1 + µγ2] ∈ Q
n+1\{[℘]}
for some (λ, µ) ∈ R2\{0}. Thus a point (x, ξ) ∈ URn determines a unique projective
line
{[λγ1 + µγ2] | (λ, µ) ∈ R
2\{0}}
lying in Qn+1\{[℘]}.
Let Λ2n−1 be the set consisting of all projective lines lying in Qn+1\{[℘]}. Then the
mapping L : URn → Λ2n−1 defined by
(2.13) L((x, ξ)) = {[λγ1 + µγ2] ∈ Q
n+1\{[℘]} | (λ, µ) ∈ R2\{0}}
is a diffeomorphism, called Lie diffeomorphism.
§ 3. Laguerre transformation group on URn
Let G be the subgroup of Lorentzian group O(n+ 1, 2) on Rn+32 given by
(3.1) LG = {T ∈ O(n+ 1, 2) | ℘T = ℘},
where ℘ is the light-like vector in Rn+32 defined by (2.9). Then any T ∈ LG induces a
transformation on Qn+1 defined by
(3.2) T ([X]) = [XT ], X ∈ Qn+1.
We call both T ∈ LG and T : Qn+1 → Qn+1 Laguerre transformation.
Let γ1, γ2 ∈ Σ be two different oriented contact spheres or hyperplanes. Then [γ1]
and [γ2] define a projective line lying in Q
n+1\{[℘]} by
span{[γ1], [γ2]} = {[λγ1 + µγ2] | (λ, µ) ∈ R
2\{0}} ∈ Λ2n−1.
Then any T ∈ LG defines a transformation T : Λ2n−1 → Λ2n−1 by
T (span{[γ1], [γ2]}) = span{[γ1T ], [γ2T ]}.
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Let L : URn → Λ2n−1 be the Lie diffeomorphism. Then any T ∈ LG induces a
transformation
σ = L−1 ◦ T ◦ L : URn → URn,
called a Laguerre transformation on URn. Thus the Laguerre transformation group on
URn is given by
LG = {σ : URn → URn | σ = L−1 ◦ T ◦ L, T ∈ O(n+ 1, 2), ℘T = ℘}.
The dimension of LG is (n+ 2)(n + 1)/2.
Let T ∈ LG be a Laguerre transformation. Then we have ℘T = ℘ and T :
Qn+1\{[℘]} → Qn+1\{[℘]}. Since any oriented sphere γ ∈ URn determines a point
[γ] ∈ Qn+1\{[℘] such that < γ,℘ > 6= 0, then < γT, ℘ >=< γT, ℘T >=< γ,℘ > 6= 0,
we know that T ([γ]) is also an oriented sphere. Since any oriented hyperplane γ ∈ URn
determines a point [γ] ∈ Qn+1\{[℘] such that < γ,℘ >= 0, then < γT, ℘ >=<
γT, ℘T >=< γ,℘ >= 0, we know that T ([γ]) is also an oriented hyperplane. Thus any
Laguerre transformation σ : URn → URn takes oriented spheres to oriented spheres,
takes oriented hyperplanes to oriented hyperplanes.
Example 3.1. Any isometry in Rn given by
σ(x) = xA+ a, A ∈ O(n), a ∈ Rn
induces an isometry transformation σ : URn → URn defined by
(3.3) σ((x, ξ)) = (xA+ a, ξA).
It is easy to check that σ is a Laguerre transformation on URn and that
(3.4) T (σ) = L ◦ σ ◦ L−1 =


1 + |a|2/2 −|a|2/2 a 0
|a|2/2 1− |a|2/2 a 0
Aa′ −Aa′ A 0
0 0 0 1

 ∈ LG,
where a′ is the transport of the vector a ∈ Rn.
Example 3.2. The 1-parametric parabolic transformations (or parallel transforma-
tions) defined by
(3.5) φt(x, ξ) = (x+ tξ, ξ), t ∈ R.
are Laguerre transformations in URn. It is easy to check that
(3.6) T (φt) = L ◦ φt ◦ L
−1 =


1− t2/2 t2/2 0 −t
−t2/2 1 + t2/2 0 −t
0 0 In 0
t −t 0 1

 ∈ LG.
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Since φs ◦ φt = φs+t, we call φt a parabolic flow in UR
n.
Example 3.3. The third example of Laguerre transformations in URn is the following
1-parametric hyperbolic transformations. For any (x, ξ) ∈ URn we write
x = (x0, x1) ∈ R
n−1 × R, ξ = (ξ0, ξ1) ∈ R
n−1 × R,
then a hyperbolic transformation
ψt(x, ξ) = (x(t), ξ(t)) ∈ UR
n, t ∈ R
is defined by
(3.7) x(t) =
(
x0 −
sinh tx1
sinh tξ1 + cosh t
ξ0,
x1
sinh tξ1 + cosh t
)
;
(3.8) ξ(t) =
(
1
sinh tξ1 + cosh t
ξ0,
cosh tξ1 + sinh t
sinh tξ1 + cosh t
)
.
It is easy to check that
(3.9) T (ψt) = L ◦ ψt ◦ L
−1 =

In+1 0 00 cosh t sinh t
0 sinh t cosh t

 ∈ LG.
Since ψs ◦ ψt = ψs+t, we call ψt a hyperbolic flow in UR
n.
Let {e1, e2, · · · , en+3} be the standard basis for R
n+3
2 , ei = (0, · · · , 0, 1, 0, · · · , 0). For
any T ∈ LG we have
℘T = ℘, < eiT, ℘ >=< eiT, ℘T >=< ei, ℘ >, 1 ≤ i ≤ n+ 3.
Using these information and the fact that T ∈ O(n+ 1, 2) we can write
(3.10) T =


1 + |a|2/2− ρ2/2 −|a|2/2 + ρ2/2 a ρ
|a|2/2− ρ2/2 1− |a|2/2 + ρ2/2 a ρ
Aa′ − ρu −Aa′ + ρu A u
va′ − ρw −va′ + ρw v w


for some
(3.11)
(
A u
v w
)
∈ O(n, 1), (a, ρ) ∈ Rn+1, w ∈ R.
It is easy to check that
(3.12) T →

A u 0v w 0
a ρ 1


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is a isomorphism from LG to the Lorentzian transformation group in Rn+11 .
Now let γ1 = S(p, r), γ2 = S(p
∗, r∗) be oriented spheres in Rn. Let T be a Laguerre
transformation given by (3.10). Since
γ1 = (
1
2
(1 + |p|2 − r2),
1
2
(1− |p|2 + r2), p,−r),
γ2 = (
1
2
(1 + |p∗|2 − r∗2),
1
2
(1− |p∗|2 + r∗2), p∗,−r∗),
then the oriented spheres γ1T = S(p˜, r˜) and γ2T = S(p˜
∗, r˜∗) are given by
(p˜,−r˜) = (pA− rv + a, pu+ rw + ρ), (p˜∗,−r˜∗) = (p∗A− r∗v + a, p∗u+ r∗w + ρ).
Thus we have
(3.13) (p˜∗ − p˜,−r˜∗ + r˜) = (p∗ − p,−r∗ + r)
(
A u
v w
)
.
It follows that
(3.14) F = |p∗ − p|2 − (r∗ − r)2
is a Laguerre invariant. Geometrically, if one sphere is not contained in another, then F
is exactly the square length of the common tangent segment of the two spheres S(p, r)
and S(p∗, r∗).
Theorem 3.1 For any T ∈ O(n + 1, 2) with ℘T = T there exist two isometries σ1,
σ2 on UR
n and constants s, t ∈ R, ε = ±1 such that
(3.15) T = εT (σ2)T (ψt)T (φs)T (σ1).
Proof. For any T ∈ O(n+1, 2) with ℘T = T we can write T as in (3.10). From (3.11)
we get w2 = 1 + |v|2. By changing T to −T , if necessary, we may assume that w > 0.
Then we have
en+3T = ((va
′ − ρw),−(va′ − ρw), v, w), w =
√
|v|2 + 1.
We can find s, t ∈ R and A1 ∈ O(n)
s = w−1(va′ − ρw), w = cosh t, vA1 = (0, · · · , 0, sinh t).
We denote by σ−11 the isometry σ
−1
1 ((x, ξ)) = (xA1, ξA1) on UR
n, then by (3.4), (3.6)
and (3.9) we have
en+3TT (σ
−1
1 )T (φ−s)T (ψ−t) = en+3.
We define
T ∗ = TT (σ−11 )T (φ−s)T (ψ−t).
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Since T ∗ satisfies
T ∗ ∈ O(n+ 1, 2), ℘T ∗ = ℘, en+3T
∗ = en+3,
T ∗ takes the form (3.10) with en+3 = (0, · · · , 0, 1) as its last line. Thus T
∗ takes the
form (3.4) for some isometry σ2. Thus we get (3.15) and complete the proof of Theorem
2.1.
Corollary Any Laguerre transformation in URn is generated by the isometries, the
parallel transformations and the hyperbolic transformations.
§ 4. Laguerre space forms and Laguerre embeddings
In Moebius geometry we have three standard spaces Sn, Rn and Hn and conformal
embeddings Rn → Sn and Hn → Sn. Similarly, we introduce in this section three
Laguerre space forms URn, URn1 and UR
n
0 and the Laguerre embeddings σ : UR
n
1 →
URn and τ : URn0 → UR
n.
Let Rn1 be the Lorentzian space with inner product
(4.1) < X,Y >= X1Y1 + · · · +Xn−1Yn−1 −XnYn.
Let URn1 be the unit bundle of R
n
1 defined by
(4.2) URn1 = {(x, ξ) | x ∈ R
n
1 , < ξ, ξ >= −1}.
An oriented sphere (hyperboloid) H(p, r) centered at p in Rn1 with radius r can be
embedded in URn1 as the (n-1)-dimensional submanifold
(4.3) H(p, r) = {(x, ξ) ∈ URn1 | x− p = rξ}.
Here r is a real number. If r = 0, then H(p, r) consists all unit time-like vectors at p,
called ”point sphere” at p. We assign γ = H(p, r) a vector [γ] ∈ Qn+1 by
(4.4) γ = (
1
2
(1+ < p, p > +r2),
1
2
(1− < p, p > −r2),−r, p).
An oriented space-like hyperplane P (ξ, λ) in Rn1 with unit normal ξ can be embedded
in URn1 as the (n-1)-dimensional submanifold
(4.5) P (ξ, λ) = {(x, ξ) ∈ URn1 |< x, ξ >= λ}.
We assign γ = P (ξ, λ) the vector [γ] ∈ Qn+1 by
(4.6) γ = (λ,−λ, 1, ξ).
Two oriented spheres (or hyperplanes) γ1 and γ2 are oriented contact in R
n
1 if and
only if their corresponding vectors γ1, γ2 ∈ Q
n+1 satisfy < γ1, γ2 >= 0. Any point
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(x, ξ) ∈ URn1 determines a pencil of spheres (hyperplanes) in R
n
1 oriented contacted
at x with common normal vector ξ, which corresponds to a projective line by the Lie
diffeomorphism L1 : UR
n
1 → Λ
2n−1 given by
(4.7) L1(x, ξ) = {[λγ1 + µγ2] | (λ, µ) ∈ R
2\{0}},
where
(4.8) γ1 = (
1
2
(1+ < x, x >),
1
2
(1− < x, x >), 0, x),
(4.9) γ2 = (< x, ξ >,− < x, ξ >, 1, ξ).
Let L : URn → Λ2n−1 be the Lie diffeomorphism defined by (2.13). It is easy to check
that σ = L−1 ◦ L1 : UR
n
1 → UR
n given by
(4.10) σ(x, ξ) = (x′, ξ′) ∈ URn;
where (x, ξ) ∈ URn1 with x = (x0, x1) ∈ R
n−1 × R, ξ = (ξ0, ξ1) ∈ R
n−1 × R and
(4.11) x′ = (−
x1
ξ1
, x0 −
x1
ξ1
ξ0), ξ
′ = (
1
ξ1
,
ξ0
ξ1
).
It is straightforward to verify that σ takes the hyperplane P (ξ, λ) in URn1 to the hy-
perplane P (ξ′, λ/ξ1) in UR
n, takes the oriented sphere H(p, r) in URn1 into the ori-
ented sphere S(p′, r′) in URn, where p = (p0, p1), p
′ = (−r, p0) and r
′ = −p1. Thus
σ : URn1 → UR
n is a Laguerre embedding.
Let Rn+11 be the Lorentzian space with inner product
(4.12) < X,Y >= X1Y1 + · · · +XnYn −Xn+1Yn+1.
Let ν = (1,0, 1) be the light-like vector in Rn+11 with 0 ∈ R
n−1. Let Rn0 be the
degenerate hyperplane in Rn+11 defined by
(4.13) Rn0 = {X ∈ R
n+1
1 |< X, ν >= 0}.
We define
(4.14) URn0 = {(x, ξ) ∈ R
n+1
1 × R
n+1
1 |< x, ν >= 0, < ξ, ξ >= 0, < ξ, ν >= 1}.
An oriented sphere C(p) in Rn0 with p ∈ R
n+1
1 is the (n-1)-submanifold in UR
n
0 given
by
(4.15) C(p) = {(x, ξ) ∈ URn0 | x− p = − < p, ν > ξ}.
Geometrically, C(p) (< p, ν > 6= 0) is a paraboloid in Rn0 as the intersection of the
light-cone < X − p,X − p >= 0 in Rn+11 with the degenerate hyperplane < X, ν >= 0.
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The paraboloid C(p) is centered at p∗ = p + (r,0, 0) ∈ Rn0 (r = − < p, ν >) with the
symmetric axe ℓ = {p∗ + tν | t ∈ R}. If r = 0, then C(p) consists of all (p, ξ) ∈ URn0
with ξ lying on the paraboloid {ξ ∈ Rn+11 |< ξ, ξ >= 0, < ξ, ν >= 1} in R
n+1
1 . We
assign γ = C(p) a vector [γ] ∈ Qn+1 by
(4.16) γ = (
1
2
(1+ < p, p >),
1
2
(1− < p, p >), p).
An oriented space-like hyperplane P (ξ, λ) in Rn0 with unit normal ξ can be embedded
in URn0 as the (n-1)-submanifold
(4.17) P (ξ, λ) = {(x, ξ) ∈ URn0 |< x, ξ >= λ}.
We assign γ = P (ξ, λ) the vector [γ] ∈ Qn+1 by
(4.18) γ = (λ,−λ, ξ).
Two oriented spheres (or hyperplanes) γ1 and γ2 are oriented contact in R
n
0 if and
only if their corresponding vectors γ1, γ2 ∈ Q
n+1 satisfy < γ1, γ2 >= 0. Any point
(x, ξ) ∈ URn0 determines a pencil of spheres (hyperplanes) in R
n
0 oriented contacted
at x with common normal vector ξ, which corresponds to a projective line by the Lie
diffeomorphism L0 : UR
n
0 → Λ
2n−1
(4.19) L0(x, ξ) = {[λγ1 + µγ2] | (λ, µ) ∈ R
2\{0}},
where
(4.20) γ1 = (
1
2
(1+ < x, x >),
1
2
(1− < x, x >), x),
(4.21) γ2 = (< x, ξ >,− < x, ξ >, ξ).
Let L : URn → Λ2n−1 be the Lie diffeomorphism defined by (2.13). It is easy to check
that τ = L−1 ◦ L0 : UR
n
1 → UR
n given by
(4.22) τ(x, ξ) = (x′, ξ′) ∈ URn;
where x = (x1, x0, x1) ∈ R× R
n−1 × R, ξ = (ξ1 + 1, ξ0, ξ1) ∈ R× R
n−1 × R and
(4.23) x′ = (−
x1
ξ1
, x0 −
x1
ξ1
ξ0), ξ
′ = (1 +
1
ξ1
,
ξ0
ξ1
).
It is straightforward to verify that τ takes the hyperplane P (ξ, λ) in URn0 to the hy-
perplane P (ξ′, λ/ξ1) in UR
n, takes the oriented sphere C(p) in URn0 into the oriented
sphere S(p′, r′) in URn, where p = (p1 − r, p0, p1), p
′ = (p1− r, p0), r = − < p, ν > and
r′ = −p1. Thus τ : UR
n
0 → UR
n is a Laguerre embedding.
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§ 5. Laguerre hypersurfaces in URn
Let x : URn → Rn, ξ : URn → Sn−1 ⊂ Rn be the standard projections (x, ξ) → x
and (x, ξ) → ξ, respectively. Then there is a standard contact form ω in URn defined
by
(5.1) ω = dx · ξ.
It is easy to verify that ω∧dωn−1 6= 0, which is (up to a non-zero constant) the volume
form for the embedding of URn = Rn × Sn−1 in R2n.
Let (x, ξ) : URn → Rn × Sn−1 ⊂ R2n be the standard embedding. We define
γ1, γ2 : UR
n → Rn+32 by (2.11). Let T ∈ LG be a Laguerre transformation and
(x˜, ξ˜) = φ((x, ξ)), φ = L−1 ◦ T ◦ L : URn → URn.
We denote by a, b the last coordinate of γ1T and γ2T , respectively. Then by (2.11) and
(3.10) we can write
(5.2) γ˜1 = (
1
2
(1 + |x˜|2),
1
2
(1− |x˜|2), x˜, 0) = γ1T −
a
b
γ2T,
(5.3) γ˜2 = (x˜ · ξ˜,−x˜ · ξ˜, ξ˜, 1) =
1
b
γ2T.
It follows that
(5.4) dx˜ · ξ˜ =< dγ˜1, γ˜2 >=< d(γ1T −
a
b
γ2T ),
1
b
γ2T >=
1
b
< dγ1, γ2 >=
1
b
dx · ξ.
(5.5) dξ˜ · dξ˜ =< dγ˜2, dγ˜2 >=
1
b2
< dγ2, dγ2 >=
1
b2
dξ · dξ.
We call f = (x, ξ) : Mn−1 → URn a Laguerre hypersurface, if ξ : Mn−1 → Rn is
a immersion and f∗ω = dx · ξ = 0. It follows from (5.4) and (5.5) that any Laguerre
transformation takes Laguerre hypersurfaces in URn to Laguerre hypersurfaces in URn.
By (2.2) and (2.3) we know that oriented spheres and hyperplanes are simplest Laguerre
hypersurfaces in URn.
Let x : Mn−1 → Rn be an oriented hypersurface in Rn with non-zero principal
curvatures. Then the unit normal ξ : M → Rn is a immersion. Thus x induces
uniquely a Laguerre hypersurface f = (x, ξ) : Mn−1 → URn. We note that for a
Laguerre hypersurface f = (x, ξ) : Mn−1 → URn, x : Mn−1 → Rn may not be an
immersion. By a theorem of U. Pinkall [9] we know that the parallel transformation
ft = (x+ tξ, ξ) of f is an immersion at any given point p ∈M
n−1 for almost all t ∈ R.
In this sense we may assume that x :Mn−1 → Rn is an immersion.
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Let x, x˜ : Mn−1 → Rn be two oriented hypersurfaces with non-zero principal cur-
vatures. We say x, x˜ are Laguerre equivalent, if the corresponding Laguerre hypersur-
faces f = (x, ξ), f˜ = (x˜, ξ˜) :Mn−1 → URn are differ only by a Laguerre transformation
φ : URn → URn, i.e., f˜ = φ◦f . In Laguerre differential geometry we study properties of
Laguerre hypersurfaces in URn which are invariant under the Laguerre transformation
group in URn.
Let x :M → Rn be oriented hypersurface with unit normal ξ. We define
(5.6) [y] :M → Qn+1, y = (x · ξ,−x · ξ, ξ, 1).
Theorem 5.1 Let x, x∗ : M → Rn be two oriented hypersurfaces with non-zero
principal curvatures. Then x and x∗ are Laguerre equivalent if and only if there exists
T ∈ LG such that [y∗] = [yT ].
Proof. Let ξ and ξ∗ be the unit normal of x and x∗, respectively. If there is a
Laguerre transformation φ = L−1 ◦ T ◦ L ∈ LG such that (x∗, ξ∗) = φ ◦ (x, ξ), then
by (5.3) we obtain [y∗] = [yT ]. Conversely, if [y∗] = [yT ] for some T ∈ LG, we define
(x˜, ξ˜) = φ ◦ (x, ξ) with φ = L−1 ◦ T ◦ L. Then by (5.3) we have [y˜] = [yT ] = [y∗]. It
follows that
(5.7) (x˜ · ξ˜,−x˜ · ξ˜, ξ˜, 1) = (x∗ · ξ∗,−x∗ · ξ∗, ξ∗, 1).
Let {ei} be a local basis for TM . Since ξ
∗ : M → Rn is an immersion, we know that
{e1(ξ
∗), · · · , en−1(ξ
∗), ξ∗} is a basis for Rn. From (5.7) and the facts that
ξ∗ = ξ˜, (x∗ − x˜) · ξ∗ = 0, (x∗ − x˜) · dξ∗ = d((x∗ − x˜) · ξ∗) = 0,
we get x∗ = x˜. Thus we have (x∗, ξ∗) = φ ◦ (x, ξ), which implies that x and x∗ are
Laguerre equivalent. We complete the proof of Theorem 5.1.
Since by (5.6) we have < dy, dy >= dξ · dξ, which is exactly the third fundamental
from of x. It follows from Theorem 5.1 that
Corollary The conformal class of the third fundamental form of a hypersurface x :
M → Rn is a Laguerre invariant.
Let x : M → Rn be a oriented hypersurface with non-zero principal curvatures.
Let III =< dy, dy > be the third fundamental form of x. For any orthonormal basis
{E1, E2, · · · , En−1} with respect to III we define
(5.8) V = span{y,∆y,E1(y), E2(y), · · · , En−1(y)},
where ∆ is the Laplacian operator with respect to III =< dy, dy >. Then we have
(5.9) < y,Ei(y) >=< ∆y,Ei(y) >= 0, < y,∆y >= −(n−1), < Ei(y), Ej(y) >= δij .
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Thus at each point V is a (n + 1)−dimensional non-degenerate subspace in Rn+32 of
type (−,+, · · · ,+). Let
(5.10) Rn+32 = V⊕ V
⊥ = span{y,∆y,E1(y), E2(y), · · · , En−1(y)} ⊕ V
⊥
be the orthogonal decomposition of Rn+32 . Then V
⊥ is a 2-dimensional non-degenerate
subspace of Rn+32 of type (−,+).
Let {e1, e2, · · · , en−1} be the orthonormal basis for TM with respect to dx · dx,
consisting of unit principal vectors. We write the structure equation of x :M → Rn by
(5.11) ej(ei(x)) =
∑
k
Γkijek(x) + kiδijξ; ei(ξ) = −kiei(x), 1 ≤ i, j, k ≤ n− 1,
where ki 6= 0 is the principal curvature corresponding to ei. Let
(5.12) ri =
1
ki
, r =
r1 + r2 + · · ·+ rn−1
n− 1
the curvature radius and mean curvature radius of x. Then the mean curvature sphere
S(x+ rξ, r) of x in Rn has the sphere coordinate [η], where
(5.13) η = (
1
2
(1 + |x|2),
1
2
(1− |x|2), x, 0) + r (x · ξ,−x · ξ, ξ, 1).
We define Ei = riei, 1 ≤ i ≤ (n− 1), then {E1, E2, · · · , En−1} is an orthonormal basis
for III =< dy, dy >. From (5.11) we get
(5.14) Ei(y) = −(x · ei(x),−x · ei(x), ei(x), 0).
It follows from (5.6), (5.13) and (5.14) that
(5.15) < y, η >= 0, < Ei(y), η >= 0, Ei(η) = (r − ri)Ei(y) + Ei(r)y.
Moreover, from (5.15) we get
< ∆y, η >=
∑
i
< EiEi(y), η >= −
∑
i
< Ei(y), Ei(η) >= −
∑
i
(r − ri) = 0.
Thus we know that η ∈ V⊥. Let ℘ = (1,−1,0, 0) ∈ Rn+32 be the vector defined by
(2.9). Since < y,℘ >= 0, by (5.13) we have
(5.16) V⊥ = span{η, ℘}, < η, η >=< ℘,℘ >= 0, < η, ℘ >= −1.
We call η :M → Cn+2 ⊂ Rn+3 defined by (5.13) the Laguerre Gauss map of x.
It is clear that V, V⊥ and η are Laguerre invariant: if x is Laguerre equivalent to x˜
by T ∈ LG, then we have
(5.17) V˜ = VT, V˜⊥ = V⊥T, η˜ = ηT.
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Now let x, x˜ : M → Rn are Laguerre equivalent by T ∈ LG. Then by (5.3) and
(5.17) we have
(5.18) y˜ =
1
b
yT, η˜ = ηT
for function b 6= 0. It follows that
(5.19) < dy˜, dy˜ >=
1
b2
< dy, dy > .
If {Ei} is an orthonormal basis for < dy, dy >, then {E˜i = bEi} is an orthonormal
basis for < dy˜, dy˜ >. From (5.18) and (5.19) we obtain
(5.20)
∑
i
< E˜i(η˜), E˜i(η˜) >= b
2
∑
i
< Ei(η), Ei(η) > .
It follows from (5.19) and (5.20) that
(5.21) g = (
∑
i
< Ei(η), Ei(η) >) < dy, dy >= (
∑
i
< Ei(η), Ei(η) >)III
is a Laguerre invariant. From the last equation of (5.15) we get
(5.22)
∑
i
< Ei(η), Ei(η) >=
∑
i
(ri − r)
2.
Thus we know that
(5.23) g = (
∑
i
(ri − r)
2)III
is a Laguerre invariant metric at any non-umbilical point of x. We call g the Laguerre
metric of x. The volume of g is given by
(5.24) L(x) = V olg(x) =
∫
M
(
∑
i(ri − r)
2)(n−1)/2
r1r2 · · · rn−1
dM,
where dM is the volume form with respect to dx · dx. We call critical hypersurfaces of
the functional L(x) Laguerre minimal hypersurfaces. In case n = 3, we get
(5.25) L(x) = 2
∫
M
H2 −K
K
dM,
which is the Laguerre functional given in Blaschke’s book [1], the papers of E.Musso
and L.Nicolodi [5] and B. Palmer [8] (up to a factor).
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§ 6. Laguerre invariant system for hypersurfaces in Rn
Let x :M → Rn be a umbilical free hypersurface with non-zero principal curvatures.
We define
(6.1) Y = ρ (ξ,−x · ξ, x · ξ, 1), ρ =
√∑
i
(ri − r)2 > 0.
If x, x˜ :M → Rn are Laguerre equivalent by T ∈ LG, then by (5.18), (5.20) and (5.22)
we obtain Y˜ = Y T . Thus
Y :M → Cn+2 ⊂ Rn+32
is a Laguerre invariant. We call Y the Laguerre position vector of the hypersurface
x :M → Rn. It follows immediately from Theorem 5.1 that
Theorem 6.1 Let x, x˜ : Mn−1 → Rn be two umbilical free oriented hypersurfaces
with non-zero principal curvatures. Then x and x˜ are Laguerre equivalent if and only
if there exists T ∈ G such that Y˜ = Y T .
Let Y the Laguerre position vector of a hypersurface x :M → Rn. Then the Laguerre
metric g can be written as
(6.2) g =< dY, dY > .
We denote by ∆ the Laplacian operator of g and define
(6.3) N =
1
n− 1
∆Y +
1
2(n − 1)2
< ∆Y,∆Y > Y.
Then we have
(6.4) < Y, Y >=< N,N >= 0, < Y,N >= −1.
Let {E1, E2, · · · , En−1} be an orthonormal basis for g =< dY, dY > with dual basis
{ω1, ω2, · · · , ωn−1}. Then we have the following orthogonal decomposition
(6.5) Rn+32 = span{Y,N} ⊕ span{E1(Y ), E2(Y ), · · · , En−1(Y )} ⊕ {η, ℘}.
We call {Y,N,E1(Y ), E2(Y ), · · · , En−1(Y ), η, ℘} a Laguerre moving frame in R
n+3
2 of
x. By taking derivatives of this frame we obtain the following structure equations:
(6.6) Ei(N) =
∑
j
LijEj(Y ) + Ci℘ ;
(6.7) Ej(Ei(Y )) = LijY + δijN +
∑
k
ΓkijEk(Y ) +Bij℘ ;
(6.8) Ei(η) = −CiY +
∑
j
BijEj(Y ).
From these equations we obtain the following basic Laguerre invariants:
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(i) The Laguerre metric g =< dY, dY >;
(ii) The Laguerre second fundamental form B =
∑
ij Bijωi ⊗ ωj;
(iii) The symmetric 2-tensor L =
∑
ij Lijωi ⊗ ωj;
(iv) The Laguerre form C =
∑
iCiωi.
By taking further derivatives of (6.6), (6.7) and (6.8) we get the following relations
between these invariants:
(6.9) Lij,k = Lik,j ;
(6.10) Ci,j − Cj,i =
∑
k
(BikLkj −BjkLki) ;
(6.11) Bij,k −Bik,j = Cjδik − Ckδij ;
(6.12) Rijkl = Ljkδil + Lilδjk − Likδjl − Ljlδik ;
where {Lij,k}, {Ci,j}, {Bij,k} are covariant derivatives with respect to the Laguerre met-
ric g, and Rijkl is the curvature tensor of g. Since {E
′
i = ρEi} is an orthonormal basis
for the third fundamental form III, we get from (6.8) and (5.22) that
(6.13)
∑
ij
B2ij = ρ
−2
∑
i
< E′i(η), E
′
i(η) >= ρ
−2
∑
i
(ri − r)
2 = 1.
Moreover, from (6.7) we have
∆Y = (
∑
i
Lii)Y + (n− 1)N + (
∑
i
Bii)℘.
It follows from (6.3) that
(6.14)
∑
i
Bii = 0,
∑
i
Lii = −
1
2(n− 1)
< ∆Y,∆Y > .
From (6.11) we get
(6.15)
∑
i
Bij,i = (n− 2)Cj .
From (6.12) we get
(6.16) Rik = −(n− 3)Lik − (
∑
i
Lii)δik;
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(6.17) R = −2(n− 2)
∑
i
Lii =
(n− 2)
(n− 1)
< ∆Y,∆Y > .
In case n > 3, we know from (6.15) and (6.16) that Ci and Lij are completely
determined by the Laguerre invariants {g,B}, thus we get
Theorem 6.2 Two umbilical free oriented hypersurfaces in Rn (n > 3) with non-zero
principal curvatures are Laguerre equivalent if and only if they have the same Laguerre
metric g and Laguerre second fundamental form B.
Let S : TM → TM be the shape operator for x with principal radius ri. By direct
calculation for hypersurface x : M → Rn we get Bij = ρ
−1(ri − r)δij . We define
Laguerre shape operator
(6.18) S = ρ−1(S−1 − r id) : TM → TM.
Then S is a self-adjoint operator with respect to the Laguerre metric g = ρ2 III. It
follows that for different principal radius ri, rj and rk, the quotient (ri − rj)/ri− rk) is
a Laguerre invariant.
In case n = 3, a complete Laguerre invariant system for surfaces in R3 is given by
{g,B,L}.
§ 7. Laguerre minimal hypersurfaces in Rn
In this section we calculate the first variation formula for Laguerre minimal hyper-
surfaces in Rn.
Let x0 : M → R
n be a compact oriented hypersurface in Rn with boundary ∂M .
We assume that x0 is umbilical free and its principal curvatures are non-zero. Let
x : M × R → Rn be a variation of x0, such that for each t ∈ (−ε, ε) hypersurface
xt = x(t, ·) : M → R
n is umbilical free and its principal curvatures are non-zero.
Moreover, for any point p ∈ ∂M we have
(7.1) xt(p) = x0(p), dxt(p) = dx0(p) : TpM → TpM.
Then the Laguerre volume of xt is given by
(7.2) L(t) = L(xt) =
∫
M
(
∑
i(r − ri)
2)(n−1)/2
r1r2 · · · rn−1
dM.
Our purpose is to calculate the derivative L′(0).
Let {E1, E2, · · · , En−1} be an orthonormal basis for the Laguerre metric gt of xt
with dual basis {ω1, ω2, · · · , ωn−1} for T
∗M . We write the variation vector field of
x :M × R→ Rn by
(7.3)
∂x
∂t
=
∑
i
uiei(x) + ρ
−1fξ,
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where ξ is the unit normal of the hypersurface xt and ρ the function defined by (6.1)
for xt. Then we have
(7.4)
∂ξ
∂t
=
∑
i
wiEi(x)
for some functions wi. Since the second fundamental form is non-degenerate, we can
write Ei(x) =
∑
j AijEj(ξ) with det(Aij) 6= 0. Let Y be the Laguerre position vector
of xt given by (6.1). Thus we have
(7.5) (x · Ei(x),−x ·Ei(x), Ei(x), 0) = 0 mod{Y,E1(Y ), · · · , En−1(Y )}.
It follows from (7.3), (7.4) and (7.5) that
∂Y
∂t
= ρ(
∂x
∂t
· ξ,−
∂x
∂t
· ξ,0, 0) = f℘ , mod{Y,E1(Y ), · · · , En−1(Y )}.
Thus we can write
(7.6)
∂Y
∂t
= σY +
∑
i
viEi(x) + f℘
for some function σ and some tangent vector field V =
∑
i viEi. We note that the
function f is determined by the normal component of the variation vector field given
by (7.3).
Let {Y,N,E1(Y ), · · · , En−1(Y ), η, ℘} be the Laguerre moving frame of xt. Using the
products of the frame we get
(7.7) dY = αY +
∑
i
ΩiEi(Y ) + β℘ ;
(7.8) dN = −αN +
∑
i
ΨiEi(Y ) + γ℘ ;
(7.9) dEi(Y ) = ΨiY +ΩiN +
∑
j
ΩijEj(Y ) + Φi℘ ;
(7.10) dη = −γY − βN +
∑
i
ΦiEi(Y ),
where {α, β,Ωi,Ωij,Ψi,Φi, γ) are some 1-forms on M × R. From (6.6), (6.7), (6.8),
(7.6) and the formula
d =
∑
i
ωiEi(x) + dt
∂
∂t
: C∞(M ×R)→ Λ1(M × R)
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we get
(7.11) α = σdt; Ωi = ωi + vidt, β = fdt,Ψi =
∑
j
Lijωj + aidt;
(7.12) Φi =
∑
j
Bijωj + bidt; Ωij = ωijωk + pijdt, γ =
∑
i
Ciωi + cdt,
where ai, bi, c, pij are functions with pij + pji = 0 and ωij be the connection form of
gt.
Taking derivatives of (7.7), (7.8), (7.9) and (7.10) we get
(7.13) dβ −
∑
i
Ωi ∧ Φi − α ∧ β = 0;
(7.14) dΩi −
∑
j
Ωj ∧ Ωji − α ∧Ωi = 0;
(7.15) dΦi −
∑
j
Ωij ∧ Φj −Ψi ∧ β − Ωi ∧ γ = 0.
Since
d = dM + dt ∧
∂
∂t
: Λ1(M × R)→ Λ2(M × R),
where dM is the differential operator on M , by comparing the coefficients of ωi ∧ dt of
(7.13) and (7.14) we get
(7.16) bi = Ei(f) +
∑
j
Bijvj;
(7.17)
∂ωi
∂t
=
∑
j
(vi,j + pij + σδij)ωj ;
where {vi,j} is the covariant derivative of V =
∑
i viEi. By comparing the coefficients
of ωi ∧ dt of (7.15) and using (7.16), (7.17) we get
(7.18)
∂Bij
∂t
+σBij = fi,j +
∑
k
vk(Bki,j +Cjδik)+
∑
k
(pikBkj − pjkBki)−Lijf − cδij ,
where (fi,j) is the Hessian matrix of f . From (6.11), (6.13) and (6.14) we have
(7.19)
∑
i
Bii = 0,
∑
ij
B2ij = 1,
∑
ij
(Bki,j + Cjδik)Bij = 0.
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By multiplying Bij to (7.18), taking sum and using (7.19) we get
(7.20) σ =
∑
ij
(fi,jBij − fLijBij).
Now we come to calculate L′(0). Since the Laguerre volume can be written as
L(t) =
∫
M
ω1 ∧ ω2 ∧ · · · ∧ ωn−1,
we get from (7.17) that
L′(0) =
∫
M
(divV + (n− 1)σ)dM,
where V =
∑
i viEi. Since on ∂M we have vi = 0, f = 0 and fi = Ei(f) = 0, it follows
from (7.20) and Green-formula that
(7.21) L′(0) = (n− 1)
∫
M
∑
ij
(Bij,ij − LijBij)fdM.
Thus we obtain
Theorem 7.1 The first variation of a Laguerre volume for hypersurfaces in Rn
depends only on the normal component of the variation vector field. The Euler-Lagrange
equation of the Laguerre functional is given by
(7.22)
∑
ij
(Bij,ij − LijBij) = 0.
Using (6.15) we can write the Euler-Lagrange equation by
(7.23)
∑
i
Ci,i −
1
n− 2
∑
ij
LijBij = 0.
From (6.8), (6.7) and (6.15) we obtain
(7.24) ∆η =
∑
i
(−Ci,i +
∑
j
LijBij)Y + (n− 3)
∑
i
CiEi(Y ) + ℘.
§ 8. Hypersurfaces in the Laguerre space forms
Using Laguerre embedding σ and τ in §4 we can regard a hypersurface x :M → Rn1
or x : M → Rn0 as a Laguerre hypersurface (x
′, ξ′) : M → URn. In this section we
study the relations between x and x′.
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Let x : M → Rn1 be a space-like oriented hypersurfaces in the Lorentzian space R
n
1
with the inner product< , > given in (4.1). Let ξ be the normal of x with < ξ, ξ >= −1.
The shape operator S : TM → TM of x is defined by dξ = −dx ◦ S. Since S is self-
adjoint on TM , all eigenvalues {ki} of S are real. We assume that ki 6= 0. We define
ri = 1/ki the curvature radius of x and r = (r1 + r2 + · · · + rn−1)/(n − 1) the mean
curvature radius of x. Let ei be the eigenvector of x with respect to the eigenvalue ki.
Then we have
(8.1) ei(x) = −riei(ξ).
In particular, we have ei(x1) = −riei(ξ1). We define (x
′, ξ′) = σ(x, ξ) : M → URn,
where σ : URn1 → UR
n is the Laguerre embedding given by (4.11). By a direct
calculation we get from (4.11) and (8.1) that
(8.2) ei(x
′) = −(riξ1 + x1)ei(ξ
′).
It follows that ei is the principal vector for the Laguerre hypersurface f
′ = (x′, ξ′) :
M → URn corresponding to the curvature radius
(8.3) r′i = riξ1 + x1,
which implies the following relations between the mean curvature radius r′ and r:
(8.4) r′ = rξ1 + x1, ρ
′2 =
∑
i
(r′i − r
′)2 = ξ21
∑
i
(ri − r)
2 = ξ21ρ
2.
It is easy to verify from (4.11) that
(8.5) Y ′ = ρ′(x′ · ξ′,−x′ · ξ′, ξ′, 1) = ρ(< x, ξ >,− < x, ξ >, 1, ξ >) = Y.
Thus the Laguerre metric is given by
(8.6) g′ = ρ′ 2III ′ =< dY ′, dY ′ >=< dY, dY >= ρ2III = g,
where III and III ′ are the third fundamental forms of x and x′, respectively. By (4.4)
we know that the mean curvature radius sphere H(x + rξ, r) in URn1 corresponds to
the vector [η] ∈ Qn+1, where
(8.8) η = (
1
2
(1+ < x, x >),
1
2
(1− < x, x >), 0, x) + r (< x, ξ >,− < x, ξ >, 1, ξ).
By a direct calculation we know that
(8.9) η′ = (
1
2
(1 + |x′|2),
1
2
(1− |x′|2), x′, 0) + r′ (x′ · ξ′,−x′ · ξ′, ξ′, 1) = η.
Thus the Laguerre embedding σ : URn1 → UR
n takes the mean curvature radius sphere
H(x+ rξ, r) in Rn1 into the mean curvature radius sphere S(x
′ + r′ξ′, r′) in Rn.
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Let x :M → Rn0 be a space-like oriented hypersurfaces in the degenerate hyperplane
Rn0 of the Lorentzian space R
n+1
1 with the inner product < , > given in (4.12). Let ξ
be the unique vector satisfying
(8.10) < ξ, dx >= 0, < ξ, ξ >= 0, < ξ, ν >= 1.
We define the shape operator S : TM → TM by dξ = −dx ◦ S. Since S is self-adjoint,
all eigenvalues {ki} of S are real. We assume that ki 6= 0. Then we define ri = 1/ki
the curvature radius of x and r = (r1 + r2 + · · · + rn−1)/(n − 1) the mean curvature
radius of x. Let τ : URn0 → UR
n be the Laguerre embedding defined by (4.23) and
(x′, ξ′) = τ ◦ (x, ξ). By a similar way as we can show that
(8.11) Y = ρ (< x, ξ >,− < x, ξ >, ξ) = ρ′ (x′ · ξ′,−x′ · ξ′, ξ′, 1) = Y ′,
where ρ′ 2 =
∑
i(r
′
i − r
′)2 and ρ2 =
∑
i(ri − r)
2. Thus the Laguerre metric is given by
(8.12) g = ρ2III = ρ′ 2III ′ = g′,
where III and III ′ are the third fundamental forms of x and x′, respectively. Moreover,
we have η = η′, where
(8.13) η = (
1
2
(1+ < x, x >),
1
2
(1− < x, x >), x) + r(< x, ξ >,− < x, ξ >, ξ);
(8.14) η′ = (
1
2
(1 + |x′|2),
1
2
(1− |x′|2), x′, 0) + r′ (x′ · ξ′,−x′ · ξ′, ξ′, 1).
It follows immediately from (6.1), (5.31), (8.5), (8.8), (8.11) and (8.13) that
Proposition 8.1 Let x be a Laguerre hypersurface in URn, URn1 or UR
n
0 . Let
c ∈ Rn+32 be the time-like vector c = (0, 0,0,−1), the space-like vector c = (0, 0, 1,0)
or the light-like c = (0, 0, ν), respectively. Let {ri} be the curvature radius of x. Let r
the mean curvature radius of x and ρ2 =
∑
i(ri − r)
2. Then we have < Y, c >= ρ and
< η, c >= r.
Theorem 8.1 A surface in R3, R31 or R
3
0 (regarded as a Laguerre surface in R
3) is
Laguerre minimal if and only if ∆III r = 0.
Proof. From (7.24) we know that for surface case we have
(8.15) ∆IIIη = ρ
2
∑
i
(−Ci,i +
∑
j
LijBij)Y + ρ
2℘.
Any surface in R31 and R
3
0 can be regarded as surface in R
3 with the same Y and η.
Let c ∈ Rn+32 be the vector given in Proposition 8.1. Since < c, ℘ >= 0, we get from
(8.15) that
(8.16) ∆IIIr = ρ
3
∑
i
(−Ci,i +
∑
j
LijBij).
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Thus we complete the proof of Theorem 8.1.
Remark. For Laguerre minimal surface in R3 the equation ∆IIIr = 0 is given in
Blaschke’s book [1].
Since r = (k1+ k2)/k1k2, we know that r = 0 if and only if x is a minimal surface in
R3, R31 or R
3
0. Thus a minimal surface in R
3
1 or R
3
0 induces a Laguerre minimal surface
in UR3 (by using Laguerre embedding).
Theorem 8.2 The only compact Laguerre minimal surface in R3 is the round sphere.
Proof. Let x : M → R3 be a compact Laguerre minimal surface. From (8.15) we
∆IIIη = ρ
2℘, which holds also at umbilical points of x. Since η = (α, β, x + rξ, r) for
some functions α and β, we get
∆IIIr = 0, ∆III(x+ rξ) = 0.
Since M is compact, we know that both r and x+ rξ = x0 are constant. Thus we have
|x− x0|
2 = r2 and x is a round sphere in R3. We complete the proof of Theorem 8.2.
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